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The inverse grand-canonical Monte Carlo IGCMC) technique is used to calculate the activity coefficients of the following
hard-sphere systems: one-component fluid, binary mixture and solvent primitive model (SPM) electrolyte. The calculations
for a one-component fluid are performed at different densities. The components of a binary mixture differ in diameters (300
and 500 pm) with the results being presented for different density and composition of a mixture. For the SPM model,
simulations are performed for a 1:1 electrolyte at different electrolyte concentrations at the packing fraction equal to 0.3.
Ions and solvent molecules of the same or different sizes are considered. The results are compared with those reported by
Adams (one-component fluid), with those calculated using the Ebeling and Scherwinski equation (one-component fluid and
binary mixture) and with the predictions from the symmetric Poisson—Boltzmann theory and the mean spherical

approximation (SPM electrolyte).

Keywords: activity coefficient; inverse grand-canonical Monte Carlo method; hard-sphere interactions; solvent primitive

model electrolyte; GCMC simulation

1. Introduction

The chemical potential is perhaps the most important
function describing the thermodynamic properties of a
fluid. Its essential component, the activity coefficient,
describes all the deviations from ideality. The activity
coefficient can be determined experimentally, calculated
from the statistical thermodynamics or obtained from
the numerical molecular simulations. Unfortunately,
the entropy-related functions like the free energy or the
chemical potential cannot be estimated directly from the
Monte Carlo (MC) simulation in the canonical ensemble
[1] as this method samples the regions making small
contributions to the configuration partition function.
However, application of the Gibbs—Helmholtz equation
[1] allows us to calculate the free energy from MC
simulations, but the method requires many simulations at
different temperatures. Widom [2] proposed a simpler and
more attractive technique. It consists of inserting a particle
into the simulation box, which tests the intermolecular
interactions. The individual ionic activity coefficients can
be calculated by this method [3,4], but the extrapolation of
the results to the thermodynamic limit is required as the
results depend on the number of particles in the simulation
box. Another method used to calculate the activity
coefficient is the MC simulation in the grand-canonical
ensemble (GCMC). This technique was applied by
Adams [5] among others to calculate the chemical
potential of hard-sphere fluids and by Valleau and Cohen

[6,7] to evaluate the mean activity coefficient of
electrolyte. A drawback of the GCMC method is that it
can often be inconvenient to use as it gives the
concentration of particles for a specified activity
coefficient. Recently, the GCMC method has been
modified by Lamperski [8], and in the modified form it
allows evaluation of the activity coefficient for a specified
concentration of particles. It is called the inverse GCMC
method (IGCMC) as it uses the GCMC techniques, but it
works in the reverse direction. Malasics et al. [9] have
proposed two other efficient iterative MC algorithms in the
GC ensemble to determine the chemical potentials. These
authors applied their method to the Lennard-Jones fluids
and to the primitive electrolyte mixture.

The IGCMC technique was successfully used to
calculate the individual and mean activity coefficients of
the 1:1, 2:2, 2:1 and 3:1 PM electrolyte with ions of the
same and different size at different electrolyte concen-
trations [8]. The results for ions of the same size were
compared with the corresponding data obtained by
Valleau and Cohen [6], while the results for a 1:1
electrolyte with ions of different size were compared with
those of Sloth and Sdgrensen [4], and with the theoretical
predictions of Sloth and Sgrensen [10], Molero et al. [11]
and Outhwaite et al. [12,13]. The results obtained by the
IGCMC method were comparable with those obtained or
predicted by other methods. The advantage of IGCMC
over GCMC is that the former can be used to compute also
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the individual ionic activity coefficients which cannot be
done by the standard GCMC method.

In this paper, we want to demonstrate that the IGCMC
method gives correct results for hard-sphere fluids at high
densities. The following three systems are the objects of
our investigation here: (1) one-component fluid, (2) binary
mixture and (3) solvent primitive model (SPM)
electrolyte.

2. The model

The simplest model that takes into account the finite size
of the molecules is the hard-sphere model. Representing
the molecules of the ith kind by hard spheres of the
diameter d;, the pair potential of interaction is given by

O, Tij > d,]
u™(ry) = M

)
007 rUSdU

where r; is the distance between the centres of two
interacting molecules (hard spheres) and d,; is given by

d; + d;

2

The SPM electrolyte model is a simple yet non-trivial
model of an electrolyte that takes into account the
molecular nature of solvent. We assume that the ions and
solvent molecules are represented by hard spheres of
diameter d. and d,, respectively. The ions have
additionally a point electric charge z;e embedded at the
centre (e is the elementary charge and z; is the charge
number of ions of the ith kind). The inter-ionic
electrostatic interactions are described by

2
ZiZje
)
dmege,ry;

3

u(ryj) =

where g, is the relative permittivity of the solvent and g is
the vacuum permittivity. The importance of the SPM and
hard-sphere models stems from the fact that they can be
used both in molecular MC simulations and theoretical
studies. Consideration of solvent molecules makes the
model of electrolyte more realistic and allows investi-
gation at densities similar to those of the real systems.

3. The method

In the GC ensemble, the volume, V, temperature, 7, and
the chemical potential, u, are constant, while the number
of molecules, N, and the energy, E, fluctuate. In the
GCMC technique, the activity coefficient is used to
calculate the concentration of particles. Recently,
Lamperski [8] has shown that this method can be
made to work in the reverse direction. The new

technique, called the IGCMC, can be used to estimate
the activity coefficient of particles for their specified
concentration. We will describe the performance of this
method with an example of a one-component fluid.
Extension to a multi-component solution is straightfor-
ward and gives the individual activity coefficients. The
technique consists of m short GCMC simulations in each
of which n number of configurations are generated. As
in the GCMC technique, we input the activity coefficient
(Iny,) into each Ith sub-simulation and obtain the
average number (N); of molecules. This number is
compared with the number N° which corresponds to the
specified concentration ¢

N° = 1000cNAV, 4)

where N, is the Avogadro constant and V is the volume
of the simulation box. If (N), is lower than N°, then the
value of In vy, is increased by a small amount, e.g. 0.2%,
otherwise it is decreased by 0.2%. When the simulation
is finished, the average value of the activity coefficients
evaluated after each sub-simulation is calculated to give
the final activity coefficient

1 m
ln'yz—zln%- (5)
mi=

The simulations were carried out for n = 20,000
configurations and m = 7500 sub-simulations. The first
2500 sub-simulations were used to equilibrate the
system.

In the IGCMC, as in GCMC, there are three equally
probable moves: displacement, insertion and removal. In
the first move, a particle selected at random is displaced to
a new random position in the simulation box. The
acceptance of displacement is given by

acc(m — n) = min{ 1, exp[—(u, — u,)/kT]}, (6)

where u,, is the potential energy of the configuration
before displacement, u,, is the potential energy of the new
trial configuration and k is the Boltzmann constant.

In the second move, a molecule is inserted at a random
position in the simulation box. The acceptance of insertion
is described by the equation

acc(N — N+ 1) = min|1,exp| —Au; /kT + In W’
- ) p Ui N+1 )

(N

where Au; is the potential of insertion and N is the current
number of molecules.
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In the last move, a particle selected at random is
removed from the box. The acceptance of this move is

acc(N—N—1)
. N
= min|1,exp —Aur/kT—i—an , 8)

where Au, is the potential of removal.

4. Results and discussion
4.1 Hard-sphere one-component system

First, we consider a one-component hard-sphere fluid.
The IGCMC technique was applied to calculate the
activity coefficient. The simulations were performed for
the following reduced densities p*: 0.1, 0.2, 0.3, 0.4,
0.5, 0.6, 0.7, 0.8 at the diameter d = 400 pm (p* = pd3,
p is the number density, p= N’V = 1000cN,). The
results are shown in Figure 1 and collected in Table 1
where they are compared with the corresponding
Adams [5] data and the theoretical predictions obtained
from the Ebeling and Scherwinski equation [14]. The
value of the activity coefficient increases with
increasing density of a system. Our results and those
obtained by Adams are nearly identical, while the
predictions evaluated from the Ebeling and Scherwins-
ki’s equation are also very similar, but systematically
lower. For a comparison with the results of Adams, our
results in column 1 of Table 1 are presented in terms of
the reduced density p+* The corresponding packing
fractions n (= mp*/6) are given in column 2 and are
used in Figure 1.

00 01 02 03 04 05 06 07 08
p

Figure 1. The activity coefficient of one-component hard-
sphere fluid (solid circles, simulation; open circles, Adams’
results [5]; solid lines, the Ebeling and Scherwinski equation).
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Table 1. Activity coefficients of one-component hard-sphere
fluid.

Iny

Ebeling and

Scherwinski
p* n IGCMC Adams [5] equation [14]
0.1 0.0524 0.465 0.466 0.464
0.2 0.1047 1.040 1.043 1.035
0.3 0.1571 1.764 1.770 1.747
0.4 0.2094 2.656 2.651 2.648
0.5 0.2618 3.830 3.832 3.807
0.6 0.3142 5.357 5.359 5.326
0.7 0.3665 7.392 7.391 7.359
0.8 0.4189 10.211 10.210 10.153

4.2 Binary mixture of hard spheres

The second model studied was a two-component mixture
of hard spheres of different diameters, d; (300 pm) and d»
(500 pm). The simulations were carried out for the
following packing fractions, n: 0.05, 0.10, 0.15, 0.20, 0.25,
0.30 and 0.35 at different compositions described by the
mole fraction x. This time the packing fraction is given by

™
n=cp) xd;, ©)

where
p="> pi (10)

is the total number density. At constant packing fraction,
the total number density is changing.

The IGCMC results were compared with those
calculated from the equation of Ebeling and Scherwinski
[14]. The activity coefficients of the larger hard spheres
are shown in Figure 2(a) and in Table 2. The simulations
broke down for x, = 0.1 at = 0.30 and for x, = 0.1,
0.2 and 0.3 at = 0.35, because of the problem of
inserting the larger molecules into the mixture with
predominantly smaller molecules, arising from the lack
of sufficient free space in a system. This problem does
not occur in the calculation of activity coefficient for
smaller molecules (Figure 2(b) and Table 3). As
previously seen, the activity coefficient increases with
increasing density of the system (Figure 2). Here, we
further note that the activity coefficient of a mixture
depends also on the mixture composition. The activity
coefficient of larger molecules decreases (Figure 2(a)),
while that of the smaller increases (Figure 2(b)) with
increasing mole fraction of the component considered.
We see that, at low concentration of larger molecules,
their activity coefficient is greater than that of the pure
component (x, = 1; Figure 2(a)). On the other hand, the
activity coefficient of smaller spheres is lower than that
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Figure 2 (Colour online). The individual activity coefficient of
a binary hard-sphere mixture from IGCMC method (graphic
characters) and from the Ebeling and Scherwinski equation (solid
lines) for different x, (the snapshot a) and x; (the snapshot b) at
the following n: 0.05, solid circles; 0.10, open circles; 0.15, solid
squares; 0.20, open squares; 0.25, solid triangles; 0.30, open
triangles; 0.35, solid diamonds.

of the pure component (x; = 1). This means that at a
constant m the probability of insertion of a smaller
sphere into a fluid of larger spheres is higher than the
probability of insertion of a larger sphere into a fluid of
smaller spheres.

4.3 SPM model

The next system studied was the SPM electrolyte model.
Its thermodynamic properties, except for the individual
activity coefficients, were intensively explored [15] by the
MC simulations. We considered a 1:1 electrolyte at the
total packing fraction of the solution = 0.3 and at
different electrolyte concentrations. To keep constant the
packing fraction with the variation of the electrolyte
concentration, the solvent concentration was changed. The
temperature was 298.15K and the relative permittivity
e, = 78.5. We considered systems with ions, d-, and the
solvent molecules, d, of the same and different diameters.
The first simulations were carried out for the same
diameters of the ions and the solvent molecules. The
results for d = d.- = d; = 300, 400 and 500 pm are shown
in Figure 3 by graphic characters and collected in Table 4.
Additionally, Figure 3 presents the activity coefficients
from the symmetric Poisson—Boltzmann (SPB) theory
[11] (solid lines) and the mean-spherical approximation
(MSA) [14] (dashed lines). The SPB activity coefficients
were derived via the charging route for the individual ion
activities, while the MSA equation was derived starting
from a uniform neutralising background developed by
Parrinello and Tosi [16]. In SPB and MSA, the solvent
activity coefficients were calculated from the equation of
Ebeling and Scherwinski [14]. It is interesting to note that
the activity coefficient of the solvent, In vy, does not
depend essentially on either the electrolyte concentration
or the diameter d. The mean activity coefficient, In y., of
ions in the limit of zero electrolyte concentration has the
same value as for the solvent molecules and decreases with
increasing electrolyte concentration. The effect depends
on the diameter, d. Although the SPB and MSA results
diverge slightly from the IGCMC, their qualitative
behaviour is similar. A better agreement with the MC
results gives the SPB theory at low electrolyte concen-
tration, while the MSA at higher concentrations. The
divergence of the SPB results at high electrolyte
concentration is perhaps due to the neglect of the

Table 2. Activity coefficients of larger hard spheres (d, = 500 pm) in a mixture with smaller ones (d; = 300 pm) (the IGCMC results).

Invy

X2 n=0.05 n=0.10 n=0.15 n =020 n =025 n=0.30 n=0.35
0.1 0.8806 1.9286 3.3003 5.0560 7.4012 - -
0.2 0.7129 1.6385 2.7853 4.2500 6.1683 8.8690 -
0.3 0.6441 1.4520 2.4593 3.7430 5.3895 7.6170 -
0.4 0.5927 1.3240 2.2356 3.3913 4.8747 6.8490 9.7430
0.5 0.5520 1.2271 2.0706 3.1371 4.4910 6.2830 8.9360
0.6 0.5217 1.1550 1.9442 2.9376 42110 5.8620 8.1040
0.7 0.4975 1.0973 1.8448 2.7846 3.9870 5.5440 7.6210
0.8 0.4718 1.0496 1.7661 2.6605 3.8060 5.2960 7.2809
0.9 0.4578 1.0116 1.6981 2.5584 3.6540 5.0645 6.9642
1.0 0.4391 0.9629 1.6431 2.4734 3.5329 4.8898 6.7373
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Table 3. Activity coefficients of smaller hard spheres (d; = 300 pm) in a mixture with larger spheres (d, = 500 pm) (the IGCMC results).

Iny
X1 n = 0.05 n=0.10 n=0.15 n=0.20 n=0.25 n=0.30 n = 0.35
0.1 0.2285 0.4902 0.8003 1.1734 1.6257 2.1835 2.8880
0.2 0.2339 0.5032 0.8238 1.2079 1.6751 2.2409 2.9810
0.3 0.2417 0.5198 0.8514 1.2496 1.7330 23151 3.0890
0.4 0.2502 0.5392 0.8844 1.3002 1.8031 2.3912 3.2210
0.5 0.2615 0.5643 0.9273 1.3659 1.8959 2.5214 3.4050
0.6 0.2767 0.5971 0.9832 1.4507 2.0138 2.6517 3.6260
0.7 0.2960 0.6409 1.0593 1.5660 2.1800 2.8932 3.9420
0.8 0.3228 0.7055 1.1680 1.7337 2.4197 3.3280 4.4250
0.9 0.3672 0.8040 1.3380 1.9976 2.8162 3.8690 5.2520
1.0 0.4391 0.9629 1.6431 2.4734 3.5329 4.8896 6.7374

fluctuation potential in the SPB theory and the choice of
thermodynamic route [11].

It is worth noting that the behaviour of Iny. is
different to that observed for the PM electrolyte [11]. In
Figure 3, we do not observe a rise in In+y. at higher
electrolyte concentrations characteristic of the PM
electrolyte [6,8,11]. In PM, this increase is due to
increased hard-sphere interactions at higher concen-
trations. In our case, the hard-sphere interactions are
constant as the value of the packing fraction, 7, is fixed and
the diameters of all the components are the same. These
interactions do not influence the characteristics of the ion
activity coefficient curves, but only their values. The
course depends on the inter-ionic electrostatic interactions
including the exclusion volume and correlation effects. It
is relevant to mention here that experiments have shown
some electrolytes (e.g. aqueous KCl, KI, NaCl) to exhibit a
concentration dependence of the mean activity coefficient
similar to that shown in Figure 3 [17].

Next, we investigated a system with the ions and
solvent molecules of different size (the diameters of the

Solvent

5.0
48
46 1
£ 44

4.2 1

40 4 T7d=300 pm

3.8

00 02 04 06 08 10 12 14 16 18

C1/2 / Ml/Z

Figure 3 (Colour online). Dependence of the activity
coefficient of ions and solvent for the SPM electrolyte at
n = 0.3 on the electrolyte concentration for d = 300, 400 and
500 pm (graphic characters, IGCMC; solid lines, SPB; dashed
lines, MSA).

anion and the cation being equal). First, the ion diameter
was fixed at d+ = 400pm, while the diameter of the
solvent molecules d; was 300, 400 or 500 pm. The other
physical parameters were the same as for the earlier case
of the common diameter. The ionic concentration
dependence of the activity coefficients of ions and
solvent molecules is given in Table 5 and illustrated in
Figure 4(a),(b) by graphic characters. The corresponding
SPB and MSA results are shown by the solid and dashed
lines, respectively. Better agreement between the MC
and the theoretical results is observed for the solvent.
The mean activity coefficient of ions (Figure 4(a)) shows
generally a decreasing tendency with increasing
electrolyte concentration, however for d;= 500pm
some increase is observed at high electrolyte concen-
trations. Even for the constant ion diameter, the mean
activity coefficient depends on the solvent diameter. In a
mixture with smaller solvent molecules, the mean
activity coefficient is greater than in a mixture with
larger molecules. The dependence of the activity
coefficient of solvent (Figure 4(b)) on the electrolyte
concentration varies: the curve for dy=500pm is
increasing, for d; = 300pm it is decreasing, while for

Table 4. The activity coefficient of ions and solvent for the
SPM model at n = 0.3 (the IGCMC results).

d+=d; =300 d+ = d, = 400 d+ = d; =500
pm pm pm

M) Inys In Iny= In Iny= In

0.05 4.6507 4.8895 4.6645 4.8894 4.6868 4.8873
0.10 4.5681 4.8925 4.6010 4.8851 4.6214 4.8873
0.25 44323 48848 44935 4.8838 45135 4.8862
0.50 4.3288 4.8862 4.3875 4.8820 4.4354 4.8844
1.00  4.1982 4.8849 4.2861 4.8801 4.3353 4.8771
1.50 4.1147 48776 4.2123 48785 4.2765 4.8711
2.00 4.0466 4.8743 4.1634 48743 42269 4.8600
250 39965 4.8785 4.1179 48717 4.1934 4.8584
3.00 39637 48730 4.0912 4.8637 4.1437 4.8336
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Table 5. The activity coefficients of ions and solvent for the
SPM model at n = 0.3, d. = 400 pm for different solvent
diameters (the IGCMC results).

ds = 300pm ds = 400 pm dy = 500 pm

M) Invy. In Iny. In Iny. In y,

0.05 8.3259 4.8743 4.6645 4.8894 3.1037 4.9042
0.10 8.1975 4.8568 4.6010 4.8851 3.0417 4.9203
025 7.9975 48142 44935 4.8838 29671 4.9645
0.50 7.7784 47490 43875 4.8820 29182 5.0505
1.00 7.4055 4.6113 4.2861 4.8801 2.9021 5.1957
1.50 7.0683 4.4748 4.2123 4.8785 2.9461 53715
2.00 6.7451 4.3404 4.1634 48743 29932 5.5276
250 6.4551 42080 4.1179 48717 3.0497 5.6831
3.00 6.1844 4.0725 4.0912 4.8637 3.1116 5.8348

ds =400 pm it is constant and this is the case discussed
earlier.

The next simulations were performed for the fixed
diameter of the solvent molecules, d; = 400 pm and for the
following ion diameters: d+ = 300, 400 and 500 pm.
The IGCMC results are shown in Figure 5 by graphic
characters and collected in Table 6. The solid and dashed

9.0

8.1+

7.2 1

6.3 1

5.4+

dy =400 pm

4.5 1

—-—
3.6 1 d;=500pm

2.7 1
6.4

Iny

(b)

6.0 1 Solvent

5.6 1

321 d, =400 pm

4.8 1

44

4.0 - ds =300 pm

3.6

00 02 04 06 08 10 12 14 16 18

01/2 / M1/2

Figure 4 (Colour online). Dependence of the activity coefficient
of ions (a) and solvent (b) for the SPM electrolyte at n = 0.3 on
the electrolyte concentration for d+ = 400 pm and d; = 300, 400
and 500pm (graphic characters, IGCMC; solid lines, SPB;
dashed lines, MSA).

8.0

72
6.4
5.6
48
40
324

2.4 4

Iny

J(®)
36 Solvent d, =300 pm

5.2 1

4.8 1

4.4 1

4.0 -

3.6 1

32

00 02 04 06 08 10 12 14 16 18

Cl/2 / MI/Z

Figure 5 (Colour online). Dependence of the activity coefficient
of ions (a) and solvent (b) for the SPM electrolyte at n = 0.3 on
the electrolyte concentration for dg = 400 pm and d- = 300, 400
and 500pm (graphic characters, IGCMC; solid lines, SPB;
dashed lines, MSA).

lines in Figure 5 show the SPB and MSA results,
respectively. The mean activity coefficient decreases
with increasing electrolyte concentration (Figure 5(a)),
although a slight rise at higher concentrations is observed.
Its value evidently depends on the ion diameters: the
larger the ions, the greater the activity coefficient.
The dependence of the activity coefficient of solvent on

Table 6. The activity coefficient of ions and solvent for the
SPM model at n = 0.3, d, = 400 pm for different ion diameters
(the IGCMC results).

d+ =300 pm d+ =400 pm d+ = 500 pm

M) Inys In Iny= In Iny= In

0.05 2.7623 4.8959 4.6645 4.8894 7.2361 4.8611
0.10 2.6706 4.9037 4.6010 4.8851 7.1516 4.8403
0.25 25770 49323 44935 4.8838 6.9340 4.7753
0.50 2.4832 49827 43875 4.8820 6.6554 4.6675
1.00 23993 5.0710 4.2861 4.8801 6.2097 4.4457
1.50 23658 5.1603 4.2123 4.8785 5.8025 4.2359
2.00 23478 5.2532 4.1634 4.8743 54336 4.0232
250 23519 53502 4.1179 48717 5.0290 3.8118
3.00 23614 54316 4.0912 4.8637 4.6783 3.6052
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the electrolyte concentration (Figure 5(b)) varies again,
but this time the curve for d+ = 300pm increases
while for d+ =500pm it decreases. The curve for
d+ =400 pm is flat.

It can be clearly seen from Figures 2, 4 and 5 that the
smaller molecules in a mixture with larger ones have a
lower activity coefficient than the larger molecules in a
mixture with smaller ones at the same packing fraction of a
system. This effect can be explained by the fact that the
probability of insertion of smaller molecules into the
system with a predominance of larger molecules is higher
than that of the reverse situation.

5. Conclusions

The principal achievement of this paper has been a
successful implementation of the IGCMC technique in
calculating the activity coefficient of a high density fluid.
Our calculations for the binary mixtures clearly indicate
that smaller molecules have lower activity coefficient
than the larger ones. This finding allows an explanation
of the unexpected adsorption behaviour of Cs™ cations
from the mixed electrolyte with Li* or Mg®™ ions at the
negatively charged Langmuir film noticed by Shapovalov
and Brezesinski [18]. They found that the adsorption of
Cs™ cations of the smallest hydrated radius, in
comparison with the adsorption of larger Li* and divalent
Mg? ", is stronger than one could expect. Earlier, this
behaviour was confirmed by the volume corrected
Poisson—Boltzmann equation [19] and by the MC
simulations [20]. Also the present results indicate that
adsorption of smaller ions, which have the lower activity
coefficient and thus the lower chemical potential, should
be enhanced. Finally, we would like to notice that
although we intended to use the SPB and MSA theories to
test the IGCMC method, we have shown that these
theories could be applied successfully to the SPM
electrolyte with the realistic concentrations of ions and
solvent molecules.
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